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Abstract
The rationale for introducing non-Hermitian Hamiltonians and other
observables is reviewed and open issues identified. We present a new approach
based on Moyal products to compute the metric for quasi-Hermitian systems.
This approach is not only an efficient method of computation, but also suggests
a new perspective on quasi-Hermitian quantum mechanics which invites further
exploration. In particular, we present some first results which link the Berry
connection and curvature to non-perturbative properties and the metric.

PACS numbers: 03.65−w, 03.65−Ca, 03.65−Ta

1. Introduction

The history of quantum mechanics now spans more than a century. The mathematical
underpinning, although more recent, is also well established, particularly due to the work
of von Neumann and Weyl, amongst others (see [1] for a comprehensive treatment). A central
result of this analysis, known as the Stone-von Neumann theorem ([1], vol 2, pp 34–7),
states that for systems with a finite number of degrees of freedom, all unitary irreducible
representation of the Weyl algebra (determined by the canonical commutation relations) are
equivalent. In essence this implies that the quantization of systems with a finite number
of degrees of freedom is unique, up to unitary transformations. For systems with an infinite
number of degrees of freedom the situation is more complex. In this case there are inequivalent
representations of the Weyl algebra and, correspondingly, such systems can be quantized in
inequivalent ways.

Central to the analysis mentioned above, which forms the basis for our current formulation
and interpretation of quantum mechanics, is the idea that classical observables should be
represented as Hermitian operators on the quantum level. In particular, position and momentum
are viewed as observables that have to be quantized as Hermitian operators. In the past three
to four decades, it has, however, transpired that this may be an unnecessarily restrictive point
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of view for a variety of reasons. In particular it turns out that it is convenient to resort to
non-Hermitian observables, mostly the Hamiltonian, when considering effective interactions
[2, 3] or when bosonizing a fermionic system, as the one- plus two-body character of the
Hamiltonian can only be maintained in this way [4, 5], while also maintaining a lowest order
association between bosons and fermion pairs.

More recently, there has been considerable interest in so-called PT-symmetric quantum
mechanics in which the Hamiltonian is taken to be non-Hermitian, but PT-invariant. Several
examples of such Hamiltonians have been found which exhibit a PT-unbroken phase in which
the eigenvalues are real and a normal quantum mechanical interpretation is made possible by
the introduction of a new inner product, based on the so-called C-operator having properties
very similar to the charge conjugation operator [6, 7]. The possibility of quantum computing
has necessitated the study of open quantum systems in which the Hamiltonian necessarily
becomes non-Hermitian in order to capture the dissipative nature of the system, see e.g. [8, 9].
Therefore, the use, and even necessity, of non-Hermitian Hamiltonians is nowadays generally
accepted, be it for mathematical simplicity or the description of physical reality.

Above we alluded to two quite distinct situations in which non-hermiticity is introduced.
In the case of dissipative systems the Hamiltonian will generally have complex eigenvalues and
a normal quantum mechanical interpretation is simply not possible, and indeed inappropriate.
In the cases of bosonization, effective interactions and PT-symmetric quantum mechanics, non-
hermiticity is introduced with other considerations in mind, such as a simplified mathematical
description. A normal quantum mechanical interpretation should, however, still be possible.
In this paper we consider the latter systems, and consider when and how a system of non-
Hermitian observables constitute a consistent quantum system. This question is not new
and has, in fact, been considered in considerable detail some time ago by the present
authors [10]. The conclusion that came out of that analysis was that a system of non-
Hermitian observables forms a consistent quantum system if a new inner product exists
with respect to which the observables are all Hermitian. The existence of this new inner
product was tied to the existence of a positive definite, bounded Hermitian metric operator �,
defined on the whole Hilbert space, and which obeys the following exchange rule with the
observables Ai [10]:

Ai� = �A
†
i ∀i. (1)

Furthermore it was shown that this metric operator is unique (up to a global normalization) if
and only if the set of observables under consideration forms an irreducible set [10]. All these
results apply to the case of a finite number of degrees of freedom.

The considerations above open up an alternative way of thinking about quantum
mechanics. Conventionally one chooses a Hilbert space (and by implication inner product)
and the construction of observables is dictated by the requirement of hermiticity with respect
to this inner product. With the results above in place, one can, however, take the point of
view that the observables are the primary objects which uniquely fix the Hilbert space and
inner product. The latter, of course, only exists if the observables form a consistent set. To
implement this approach in practice, as is demonstrated in section 3, one starts with a Hilbert
space which carries an irreducible unitary representation of the Weyl algebra, i.e., Hermitian
position and momentum operators and thus a unitary representation of the Heisenberg algebra.
Then one proceeds to write down the observables of the theory, e.g., energy angular momentum
etc as functions of the Hermitian position and momentum operators, but, in contrast to the
conventional approach, the condition that these observables are Hermitian with respect to the
inner product on the Hilbert space is relaxed. To verify that this set of observables constitute a
consistent quantum system one verifies the existence of a metric operator with the properties
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stated above. One can also take a slightly different point of view to this construction. If a
metric operator exists, one easily verifies from (1) that under the similarity transformation
�−1/2Ai(x̂, p̂)�1/2 = Ai(�

−1/2x̂�1/2,�−1/2p̂�1/2) the observables become Hermitian on
the Hilbert space under consideration (see also [11, 12]). Thus, one could take the point of view
that the observables are Hermitian operators constructed as functions of the non-Hermitian
position and momentum operators �−1/2x̂�1/2 and �−1/2p̂�1/2. From this point of view one
thus considers a non-unitary representation of the Weyl algebra, i.e., non-Hermitian position
and momentum, and construct the observables as Hermitian operators which are functions of
the non-Hermitian position and momentum operators. If the metric exists, this non-unitary
representation of the Weyl algebra is equivalent to a unitary representation. This also implies
that if the non-unitary representation under consideration is not equivalent to a unitary one,
the metric cannot exist.

Note that since all irreducible unitary representations of the Weyl algebra are equivalent,
all non-unitary representations, equivalent to a unitary representation, are also equivalent.
Whether the Weyl algebra admits non-equivalent non-unitary irreducible representations is, to
our knowledge, an open question. However, if such representations were to be encountered in
the construction procedure above, the metric cannot exist or the construction procedure has to
be revised. Thus, at least within the construction procedure outlined above, no inequivalent
quantizations of a given system (with finite number of degrees of freedom) can occur if it is
to constitute a consistent quantum system.

Given this situation, one may wonder what is to be gained in quantum mechanics from
taking the point of view advocated above. One advantage has already been mentioned, namely,
mathematical simplification. As already pointed out, when bosonizing fermionic systems the
one-plus-two body character of the Hamiltonian can only be maintained in a non-Hermitian
description, while the Hermitian counterpart contains all possible higher order interaction
terms [4, 5]. Related to this observation, it was recently also noted in the context of PT-
symmetric quantum mechanics that the non-Hermitian Hamiltonian often lends itself more
readily to a perturbative treatment than its Hermitian counterpart [13]. This reflects the fact that
the implied similarity transformation relating the Hermitian and non-Hermitian Hamiltonians
already accounts for some non-perturbative effects. These examples illustrate that a judicious
choice of observables (which fixes the inner product) may lead to considerable simplification
and even the possibility of non-perturbative solutions.

Central to the successful practical implementation of the approach outlined above is the
verification of the existence of the metric operator and its subsequent construction. In this
regard it is important to note that if one is only interested in solving the eigenvalue equation
for the Hamiltonian, it is sufficient to verify the existence of a metric operator obeying the
exchange rule (1) with the Hamiltonian as one is then ensured of the reality of eigenvalues.
For this purpose it is not necessary to construct the metric explicitly as the solution of the
eigenvalue equation requires no explicit knowledge of the metric. However, if one intends
to compute other physical quantities such as expectation values, transition probabilities and
cross sections, detailed knowledge of the metric is required and the metric must be computed
explicitly. It is also at this point that the uniqueness (up to a global normalization) of the
metric becomes important as physical quantities will depend on the choice of metric if it is
not unique.

Solving operator equations of the type (1) is notoriously difficult. The successful
implementation of the approach outlined above hinges therefore very much on a reliable
way of solving these types of equations, or at the very least verifying the existence of a
solution with the properties required from a metric operator. Therefore this issue was partially
investigated in [10] and more recently from a variety of different viewpoints in [14–19]. Here
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we propose a new approach, based on the Moyal product, which maps the operator equation (1)
exactly onto an equivalent differential equation. Generically this equation may be of infinite
order, but in many cases of physical interest it turns out to be finite. This equation contains all
the information required to construct the metric operator exactly. In addition, criteria can be
formulated to test the hermiticity and positive definiteness of the metric directly on the level
of this equation, leading to considerable simplification.

When one considers equation (1) for a reducible set of observables, e.g. the Hamiltonian
alone, the metric is not uniquely determined. However, on the level of the Moyal product
formulation the solution of the corresponding differential equation is uniquely determined
once an appropriate set of boundary conditions has been specified. On the other hand, as
pointed out above, the metric is uniquely determined (up to an irrelevant normalization factor)
if equation (1) is considered for an irreducible set of observables. This suggests an interplay
between boundary conditions in phase space and the choice of an irreducible set of physical
observables. This provides us with yet another perspective on the construction of a quantum
system, which is the one we explore somewhat more here.

The paper is organized in the following way. In section 5 we briefly review the Moyal
product with emphasis on the properties we use in later sections. In section 3 we construct the
metric of three non-Hermitian PT-symmetric Hamiltonians, two of which are exactly solvable.
The issues of uniqueness of the metric, choice of observables and the relation to boundary
conditions in phase space are addressed within these models. In section 5 we conclude with
a brief summary of our findings. The present paper extends the results recently published
in [20].

2. The Moyal product

The Moyal product [21] was introduced by Moyal to facilitate Wigner’s phase space
formulation of quantum mechanics. More recently it was revived in the context of non-
commutative systems (see e.g. [22]). In this section we briefly list the essential features of
this construction. A more detailed exposition can be found in [20]. In a finite-dimensional
Hilbert space with dimension N one can construct an unitary irreducible representation of the
Heisenberg–Weyl algebra

gh = eiφhg, g† = g−1, h† = h−1, (2)

where φ = 2π
N

. The operators U(n,m) = gnhm, with n = 0, 1, . . . , N − 1 and
m = 0, 1, . . . , N − 1, form a basis in the space of operators (matrices) on the Hilbert space.
Any operator A can therefore be expanded in the form

A =
N−1∑

n,m=0

an,mgnhm, an,m = (U(n,m),A)/N, (3)

where the inner product (A,B) is defined as (A,B) = tr A†B. Making the substitutions g →
eiα h → eiβ, α, β ∈ [0, 2π) in the expansion (3), turns A into a function A(α, β), uniquely
determined by the operator A

A =
N−1∑

n,m=0

an,m einα eimβ. (4)

An isomorphism with the operator product can be established by defining the Moyal product
of functions A(α, β) and B(α, β) [21, 22]

A(α, β) ∗ B(α, β) = A(α, β) eiφ
←
∂β

→
∂αB(α, β), (5)
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where the notation
←
∂ and

→
∂ denotes that the derivatives act to the left and right, respectively. On

this level operators are replaced by functions, as described by (4), while the non-commutative
nature of the operators is captured by the Moyal product. It is easily checked that the Moyal
product is associative, as one would expect from the associativity of the corresponding operator
product. Once the function A(α, β) is given, the coefficients an,m are computed from a simple
Fourier transform. Insertion of these coefficients in (3) enables the reconstruction of the
operator.

Let A†(α, β) and A(α, β) denote the functions corresponding to the Hermitian conjugate
operator A† and the operator A, respectively. One easily establishes the following relation
between these functions [20]:

A†(α, β) = eiφ∂α∂β A∗(α, β). (6)

From this it follows that an operator is Hermitian if and only if

A∗(α, β) = e−iφ∂α∂β A(α, β). (7)

These results are easily generalized to the case of an infinite-dimensional quantum system.
In this case a well-known irreducible unitary representation of the Heisenberg–Weyl algebra
exists [1]

eit p̂ eisx̂ = eih̄ts eisx̂ eit p̂, (8)

where x̂ and p̂ are the Hermitian position and momentum operators satisfying canonical
commutation relations. The operators U(t, s) ≡ eit p̂ eisx̂ constitute a complete set [1] and any
operator can be expanded as

A(x̂, p̂) =
∫ ∞

−∞
ds dt a(t, s) eit p̂ eisx̂ , a(t, s) = h̄

2π
(U(t, s), A). (9)

Replacing x̂ and p̂ by real numbers turns A(x̂, p̂) into a function A(x, p), uniquely determined
by A

A(x, p) =
∫ ∞

−∞
ds dt a(t, s) eitp eisx . (10)

An isomorphism with the operator product can be established by introducing the Moyal product
of functions

A(x, p) ∗ B(x, p) = A(x, p) eih̄
←
∂x

→
∂pB(x, p). (11)

On this level we again work with functions, rather than operators, while the non-commutativity
of the operators is captured by the Moyal product. As before associativity is easily verified.
Once the function A(x, p) has been determined, the function a(t, s) is determined from a
Fourier transform. Insertion into the expansion (9) recovers the operator A(x̂, p̂).

As before, let the functions A†(x, p) and A(x, p) denote the functions corresponding to
the Hermitian conjugate operator A†(x̂, p̂) and the operator A(x̂, p̂), respectively. One easily
establishes the relation [20]

A†(x, p) = eih̄∂x∂pA∗(x, p). (12)

This implies that an operator is Hermitian if and only if

A∗(x, p) = e−ih̄∂x∂pA(x, p). (13)

In what follows we shall often encounter situations where the operator A is a function of
x̂, or p̂, only. It is therefore worthwhile to consider this situation briefly. Consider the case
where A(p̂). From (9) we have

a(t, s) = h̄

2π
(U(t, s), A(p̂)) = h̄

2π
tr(e−isx̂ e−it p̂A(p̂)) = δ(s)

∫
dp

2π
A(p) e−itp. (14)
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Substituting this result into (10) we note that the function A(x, p) corresponding to the operator
A(p̂) is just A(p), i.e., we just replace the momentum operator by a real number. Clearly, the
same argument applies to A(x̂).

An approach related to the one we discuss here was developed in [25], although in
that case the position and momentum operators are used as a basis to expand the operators.
Compared to the present approach, the unboundedness of the position and momentum operators
complicates the proof of completeness. Second, the product rule of these operators is not as
simple as that of the Weyl algebra. This complicates the implementation on the level of
classical variables. The current approach therefore seems to be more generic.

3. Metrics from Moyal products

3.1. Metric equation in Moyal form

As was already pointed out in the introduction, there are a variety of reasons why the
Hamiltonian, and other observables, of a system may be non-Hermitian with respect to the
inner product on the Hilbert space on which the system is quantized. The central question
is then whether a consistent quantum mechanical interpretation remains possible. This was
answered in [10] where it was pointed out that a normal quantum mechanical interpretation
is possible if a metric operator � exists which has as domain the whole Hilbert space, is
Hermitian, positive definite and bounded, and satisfies the equation

H� = �H †, (15)

where H denotes the Hamiltonian of the system. Once the existence of such an operator has
been established, a new inner product can be defined with respect to which the Hamiltonian
is Hermitian and a standard quantum mechanical interpretation is possible. However, as was
pointed out in [10], and also explored in [14, 27], the condition (15) is not sufficient to fix
the metric uniquely, which implies that the quantum mechanical interpretation based on this
metric, and the associated inner product, is ambiguous. The metric is uniquely determined
(up to an irrelevant global normalization) if one requires hermiticity of a complete irreducible
set of observables, Ai (of which the Hamiltonian may be a member), with respect to the inner
product associated with �, i.e., it is required that (15) holds for all observables [10]:

Ai� = �A
†
i ∀i. (16)

From this point of view the choice of observables determines the metric and Hilbert space
of the quantum system uniquely. Alternatively, one may argue that if a metric, satisfying
(15), can be found, a particular choice of metric determines the allowed set of measurable
observables. This is the spirit of PT-symmetric quantum mechanics.

Let us consider the defining equations (15) and (16) on the level of the Moyal product
formulation. On this level the observables Ai , their Hermitian conjugates A

†
i and the metric

operator � get replaced by functions Ai(x, p),A
†
i (x, p) and �(x, p) as prescribed in (10).

Note that Ai(x, p) and A
†
i (x, p) are related as in (12). In terms of these functions the defining

relation (15) then reads

H(x, p) ∗ �(x, p) = �(x, p) ∗ H †(x, p), (17)

while (16) reads

Ai(x, p) ∗ �(x, p) = �(x, p) ∗ A
†
i (x, p). (18)

If the set of observables Ai is irreducible, equation (18) determines the metric uniquely up
to a global normalization factor, without the necessity of additional boundary conditions. On
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the other hand, equation (17) does not determine the metric uniquely and it is necessary to
impose further boundary conditions to fix the metric up to a possible normalization factor.
This demonstrates the already mentioned interplay between the choice of observables and
boundary conditions on the metric function �(x, p). To demonstrate this point more clearly
we consider the case where we specify x̂ and p̂ as observables. In this case equation (18)
simply becomes ∂�(x,p)

∂x
= ∂�(x,p)

∂p
= 0, i.e., the metric is just a constant. This simply reflects

the following facts: (1) that x̂ and p̂ form an irreducible set, which implies that the metric
is uniquely determined up to a global normalization factor and (2) that we have chosen x̂

and p̂ Hermitian from the outset (insisting on unitary representations of the Heisenberg–Weyl
algebra), so that the metric must be proportional to the identity (the original inner product
corresponds to � = 1).

3.2. A solvable model

To demonstrate the technique described above, and to illustrate the features discussed thus
far, we study in this section a model for which the metric can be computed exactly and
analytically. We proceed by first choosing the Hamiltonian as the only observable, leaving all
other possible observables unspecified. It was already pointed out that this does not fix the
metric uniquely and this is demonstrated explicitly below. Once this has been established, we
proceed to augment the Hamiltonian with other choices of observables which, together with the
Hamiltonian, form an irreducible set and show that this indeed eliminates the non-uniqueness
of the metric.

The model we study is defined by the following Hamiltonian, written in second quantized
form:

H = h̄ωa†a + h̄αaa + h̄βa†a†, (19)

where a and a† are bosonic annihilation and creation operators, respectively. A finite-
dimensional version of this model was studied in [10] and more recently this model was
studied in [18, 19, 23]. This can be rewritten in terms of x̂ and p̂ in the usual way by setting
a† = (x̂ − ip̂)/

√
2h̄ and a = (x̂ + ip̂)/

√
2h̄. Suppressing an irrelevant real constant term,

which plays no role in the metric equation, this yields

H = ap̂2 + bx̂2 + icp̂x̂, a = (ω − α − β)/2,

b = (ω + α + β)/2, c = (α − β).
(20)

On the level of the Moyal bracket formulation this becomes

H(x, p) = ap2 + bx2 + icpx, H †(x, p) = ap2 + bx2 − icpx + ch̄. (21)

Substituting this into (17) and noting that since H(x, p) is polynomial the Moyal product
truncates, one obtains the following partial differential equation for �(x, p):

c (h̄ − 2ipx) �(x, p) + h̄((cp − 2ibx)�(0,1)(x, p)

+ (cx + 2iap)�(1,0)(x, p) + bh̄�(0,2)(x, p) − ah̄�(2,0)(x, p)) = 0, (22)

where the notation �(n,m) = ∂n+m�/∂nx∂mp has been introduced.
Note that since no boundary conditions have been specified, the solution is not unique.

On the level of the Moyal product the non-uniqueness of the metric therefore resides in the
freedom to specify the boundary conditions in (22). It should, however, be noted that the
boundary condition that is to be imposed on (22) cannot be arbitrary as the solution has to
conform with the conditions of hermiticity and positive definiteness of the metric. Keeping in
mind that the metric is uniquely specified once a complete set of observables, Hermitian with
respect to the inner product associated with �, is identified, an interplay between the boundary
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conditions imposed on (22) and the choice of physical observables on the operator level is
suggested. In this regard, note that a choice of boundary conditions that does not admit a
solution conforming to hermiticity and positive definiteness, constitutes an inconsistent choice
of observables, and subsequently an inconsistent quantum system, as was pointed out in [10].
On the other hand, if an appropriate choice of boundary conditions, which fixes the metric
uniquely, is made, both the Hilbert space and allowed observables in the quantum theory are
uniquely determined. The allowed observables can indeed be computed by solving (18) for
the observables once the metric has been determined. In this case each choice of boundary
condition for solving (18) corresponds to an admissible observable. Of course, it remains to
be determined, typically a posteriori, when a set of such observables, now by construction
quasi-Hermitian with respect to the same metric which has been uniquely fixed (or chosen)
with respect to the Hamiltonian, constitutes an irreducible set together with the Hamiltonian.

Before proceeding to the detailed solutions of (22), it is useful to comment on some
general features of the equation and its solutions. The first issue that we address is the
existence of an Hermitian metric operator, �, as required by the definition of the metric
operator. Equation (22) is clearly linear and of the form L�(x, p) = 0, with L being a
differential operator. Using e−ih̄∂x∂px eih̄∂x∂p = x − ih̄∂p and e−ih̄∂x∂pp eih̄∂x∂p = p − ih̄∂x ,
one easily verifies e−ih̄∂x∂pL eih̄∂x∂p = −L∗, so that L∗e−ih̄∂x∂p�(x, p) = 0. On the other
hand the complex conjugate of (22) reads L∗�∗(x, p) = 0. Provided that the boundary
conditions imposed on (22) also satisfy (13), uniqueness of the solution ((22) is linear)
implies �∗(x, p) = e−ih̄∂x∂p�(x, p). Thus, provided that the boundary conditions imposed
are consistent with (13), the solution of (22), when employed to construct the metric operator
as described in the previous section, will yield an Hermitian metric operator.

A further property to note is that if �(x, p) is a solution (not necessarily corresponding
to an Hermitian and positive definite operator) of (22), or equivalently (17), then for arbitrary
functions f (H(x, p)) and g(H †(x, p)) the following is also a solution: f (H(x, p)) ∗
�(x, p) ∗ g(H †(x, p)), where the functions f and g are defined through a Taylor expansion
involving the Moyal product. This is most easily checked directly on the level of equation
(17) using the associativity of the Moyal product and the fact that f (H)∗H = H ∗f (H) and
g(H †) ∗ H † = H † ∗ g(H †). This is, once again, merely a reflection of the non-uniqueness
of the solution of (22), which has to be eliminated through some appropriate choice of
boundary conditions. As was pointed out earlier the boundary conditions cannot be completely
arbitrary, but must conform to hermiticity and positive definiteness. This does not, however,
eliminate the freedom in (22) completely and more input is required in the form of boundary
conditions. Indeed, one can easily verify from (17), associativity, and the relation (12), that if
�(x, p) is a solution corresponding to an Hermitian and positive definite operator, so will be
g(H(x, p)) ∗ �(x, p) ∗ eih̄∂x∂pg(H(x, p))∗.

Let us now proceed to the detailed solution of (22). It is not difficult to find an exact
solution in the form of the following one parameter family of metrics:

�(x, p) = erp2+spx+tx2
, (23)

where

r = −c ±
√

c2 − 4abh̄s(2i − h̄s)

4bh̄
, t = c ±

√
c2 − 4abh̄s(2i − h̄s)

4ah̄
, (24)

s being a free parameter. Note that the solution has an essential singularity at h̄ = 0, so that
the metric does not exist as a classical object. Once this solution has been found, a large
class of solutions can be constructed as was pointed out earlier. The non-uniqueness of the
solution is, however, already explicit in (23) and we concentrate on that for the moment.
To see how this freedom can be eliminated through the specification of other observables,
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consider the situation where we specify the momentum as a further observable. Then, from
(18), �(x, p) also has to satisfy the equation �(1,0)(x, p) = 0, i.e., it cannot depend on
x. To satisfy this condition we must have s = 0, t = 0 and r = − c

2bh̄
= β−α

(ω+α+β)h̄
,

which removes the freedom in (23). Furthermore it is clear that the arbitrariness in the
solution g(H(x, p)) ∗ �(p) ∗ eih̄∂x∂pg(H(x, p))∗ is also removed in that the introduction of
the function g will lead to an unwanted position dependency of the metric through the position
dependency of the Hamiltonian. Similarly, if one specifies the position as another observable,
the metric must be independent of momentum, which is the case when s = 0, r = 0 and
t = c

2bh̄
= α−β

(ω+α+β)h̄
. As before the introduction of the function g introduces an unwanted

momentum dependency in the metric, so that all freedom, apart from a global normalization
factor, has been eliminated. Note that both these solutions also have the correct asymptotic
behaviour in the limit c → 0. As a final remark we point out that the first of these solutions
would have resulted by imposing the boundary conditions that on a line p = p0 the metric is
a constant, while the second results from imposing the same condition on a line x = x0.

Let us now consider the hermiticity and positive definiteness of these solutions. Since
a, b and c are real, the condition (13) is trivially satisfied in both these cases and the metric
is Hermitian. To show positive definiteness one has to verify that the logarithm of the metric
is Hermitian. In the Moyal product formulation this implies that one has to find the function
corresponding to the logarithm of the metric operator and verify that it satisfies (13), i.e., one
has to find the function η(x, p) such that 1 + η + 1

2!η ∗ η + 1
3!η ∗ η ∗ η ∗ + · · · = �. In this

case it is, however, obvious that the Moyal product reduces to an ordinary product so that
the function corresponding to the logarithm of the metric operator is simply the logarithm of
(23), which is −cp2/2bh̄ or cx2/2ah̄, depending on the choice of additional observables p or
x. This trivially satisfies (13) so that the metric is positive definite, although not necessarily
bounded.

As a final example of how the non-uniqueness is removed through the specification of other
observables, consider the case where the number operator N̂ = a†a = 1

2h̄ (p̂2 + x̂2) is specified
as the other observable. On the level of the Moyal product N̂ gets replaced by N = 1

2h̄ (p2 + x2).
From (18) and (21) we then note that �(x, p) has to satisfy an additional equation, which is
identical to (22) with the specific choice of parameters a = b = 1

2h̄ and c = 0. The solution
of this equation is clearly also of the form (23) where r = t = ±i

√
h̄s(2i − h̄s)/2h̄. Since the

metric has to satisfy both (22) and this equation, the value of the free parameter s is fixed to be

s± = 1
h̄

(
i±

√
c2−(a−b)2

|a−b|
) = i

h̄

(
1± 2

√
αβ

|α+β|
)

and r = t = c
2h̄(a−b)

= − (α−β)

2h̄(α+β)
. Only the s− solution

yields the correct asymptotic behaviour for �(x, p) in the Hermitian limit c → 0 or α → β.
One can also easily verify that no further freedom exists by introducing the function g. The
reason is simply that these functions can only depend on either H or N if one wants a solution
of either of these two equations. Since both equations have to be satisfied this freedom is thus
eliminated.

Finally we check the hermiticity and positive definiteness of this metric, i.e., we check
whether the metric and its logarithm satisfy (13). We first check the metric. Since it is an
exponential it is very difficult to verify the hermiticity directly. Instead, the way we do it is to
check the hermiticity order by order in a series expansion in c. As an example we show the
calculation to third order in c. To this order we have for �(x, p)

�(x, p) = 1 +
c(p2 + x2)

2h̄(a − b)
+

c2(p4 + 4ih̄px + 2p2x2 + x4)

8(a − b)2h̄2

+
c3(p2 + x2)(p4 + 12ih̄px + 2p2x2 + x4)

48(a − b)3h̄3
≡ 1 + ca1 + c2a2 + c3a3. (25)
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It is now simple to verify that (13) is indeed satisfied to this order in c, verifying the hermiticity
of the metric. Next we turn to the logarithm of the metric. To compute the logarithm to third
order we simply expand the logarithm of (25), keeping in mind that the expansion must be
done through the Moyal product in order to reflect the operator nature correctly. One easily
finds

(log �)(x, p) = log(1 + ca1 + c2a2 + c3a3) = a1c + c2
(
a2 − a1 ∗ a1

2

)
+ c3

(
a3 + 1 ∗ a1 ∗ a1

3
− a1 ∗ a2 + a2 ∗ a1

2

)
. (26)

Substituting from (25) the values for a1, a2 and a3, the logarithm of the metric can easily be
evaluated to this order to be

(log �)(x, p) = c2

4(a − b)2
+

(
c

2h̄(a − b)

(
1 +

c2

3(a − b)2

))
(p2 + x2). (27)

It is now simple to verify that (13) is satisfied by (27), verifying the positive definiteness of
the metric. We note that (27) has a simple linear form in N = p2 + x2. It is not too difficult
to see that this is indeed a feature that persists to all orders so that in this model the logarithm
of the metric has the simple form (log �)(x, p) = a(c) + b(c)N where a(c) and b(c) are real
and a(0) = b(0) = 0. The condition (13) can then in fact be verified to all orders in c. This
confirms the positive definiteness and hermiticity to all orders.

3.3. A shifted oscillator: the ix potential

Not unexpectedly an exact solution can be obtained for the metric � (and equivalently for the
C-operator) when the Hamiltonian is the PT-symmetric complex shifted harmonic oscillator
with H = 1

2p2 + 1
2x2 + ix. In this case it has been shown [16] that the general form of the

C-operator, C = eQP , simplifies to C = e−2pP . It is well known that the metric can be related
to a similarity transformation that transforms a given non-Hermitian Hamiltonian into and
equivalent Hermitian form (see also section 1), and that the similarity transformation is also
related to the C-operator) [10, 14, 15], which allows the identification � = e−2p in the present
example.

This result also immediately follows from the general analysis in section 3. In particular,
equation (17) reduces to the partial differential equation

2ix�(x, p) + (ix − 1)�(0,1) − 1
2�(0,2) − i�(1,0)p + 1

2�(2,0) = 0, (28)

where we have set h̄ = 1. Assuming �(x, p) = �(p) only, equation (28) becomes the
ordinary differential equation (primes indicating differentiation with respect to p)

2ix� + (ix − 1)�′ − 1
2�′′ = 0, (29)

with the solution �(p) = e−2p, as before.
As already pointed out, the non-uniqueness of the metric determined from the star product

(17) is associated with different boundary conditions. For the PDE (28) above, another class
of solutions may accordingly be investigated by assuming �(x, p) = �(x). The differential
equation reduces to a Schrödinger equation with a linear potential, with solutions the standard
Airy functions, here with complex argument. These solutions, to what extent they conform to
the requirements of Hermiticity and positive definiteness, and their physical implications, will
be discussed elsewhere [26].
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3.4. The ix3 potential

Next we consider the PT-symmetric model with Hamiltonian [7]

H(x̂, p̂) = p̂2 + igx̂3. (30)

Here we consider the Hamiltonian as the only observable and leave the other possible
observables unspecified. We then proceed to investigate the existence of a (non-unique)
Hermitian and positive definite metric. Since the PT-symmetry is unbroken for this
Hamiltonian [7] we expect such a metric to exist.

On the level of the Moyal product this Hamiltonian and its Hermitian conjugate get
replaced by the functions (it is a sum of functions depending on p̂ and x̂ only)

H(x, p) = p2 + igx3, H †(x, p) = H ∗(x, p), (31)

while the metric becomes a function �(x, p) as defined in (10). Note that in this case the
Hermitian conjugate of the operator gets replaced by the complex conjugate of the function
H(x, p). It is simple to see that this is a generic feature of functions (or the sum of functions)
that depend on x̂ or p̂ only, as there is no phase due to the exchange of the operators eit p̂ and
eisx̂ (see (14)).

As before the Moyal product in equation (17) truncates due to the polynomial nature of
H(x, p) to yield the following differential equation for �(x, p):

2igx3�(x, p) − 3gh̄x2�(0,1)(x, p) − 3igh̄2x�(0,2)(x, p)

+ gh̄3�(0,3)(x, p) − 2ih̄p�(1,0)(x, p) + h̄2�(2,0)(x, p) = 0. (32)

Solutions with the correct asymptotic behaviour can be constructed by resorting to a series
representation in g for the solutions of (32). In the same spirit as the solvable model this series
expansion can be tested for hermiticity and positive definiteness by using the criterion (13).
The results of this analysis were already presented in [20] and we do not repeat them here.

4. The Berry connection and curvature

In this section we show how the formalism developed in section 2 can be used to construct
the Berry connection and curvature [28–30]. Although we cannot verify directly from this
the existence of a metric operator for a given Hamiltonian, we can identify points or lines in
parameter space where singularities will occur in the metric, eliminating the possible existence
of a metric in these cases. This enables us to make statements about the analytic properties
of the eigenvalues and eigenstates, which is a non-perturbative piece of information providing
information on the radius of convergence of a perturbative treatment.

Let us start by setting up the equation for the Berry connection. Consider a Hamiltonian
depending on a set of real parameters q1, q2, . . . , qn, denoted by H(q). Here we are interested
in non-Hermitian Hamiltonians and therefore the Hamiltonian does not have to be Hermitian
as we range over the parameter space. Furthermore we do not even insist on real eigenvalues
of the Hamiltonian as we range over parameter space, in which case a metric can of course
not exist. We now write the Hamiltonian as

H(q) = S(q)D(q)S−1(q), (33)

where D(q) is diagonal in the chosen basis, while S(q) contains the eigenstates expanded in
the chosen basis. It is important to note here that the operator S(q) may be singular at certain
points in parameter space. These are the points where the Hamiltonian is not diagonalizable
(it can at best be brought in the Jordan form) and the eigenstates do not span the whole space,
i.e., they are linearly dependent. At these points the metric can also not exist (if it does, one
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can construct an operator that diagonalizes the Hamiltonian). To proceed we differentiate (33)
with respect to qi

∂H(q)

∂qi

− S(q)
∂D(q)

∂qi

S−1(q) = [Ai(q),H(q)]. (34)

Here we have introduced the Berry connection defined by

Ai(q) = ∂S(q)

∂qi

S−1(q). (35)

The Berry connection simply generates the change in the eigenstates as the parameters on which
the Hamiltonian depend are changed. To obtain the Berry or geometrical phase as a closed
loop in parameter space is traversed, one has to construct a path ordered exponential. This
can indeed be a very difficult task. However, for the purposes of identifying the singularities
of S(q) it is not necessary to consider the path ordered exponential, as one expects them to
be already present in the Berry connection. Thus solving for the Berry connection from (35)
one may be able to identify these singular points. Note that as the components of the Berry
connection are operators they do not necessarily commute.

Equation (34) is not very useful in its given form, as we need to know the eigenvalues
in order to compute the Berry connection from it. To avoid this, we take the commutator
of (34) with the Hamiltonian. It is simple to see that

[
S(q)

∂D(q)

∂qi
S−1(q),H(q)

] =
S(q)(D(q)

∂D(q)

∂qi
− ∂D(q)

∂qi
D(q))S−1(q) = 0 and we have[

∂H(q)

∂qi

,H(q)

]
= [[Ai(q),H(q)],H(q)]. (36)

We can now use this equation to solve for the Berry connection. Once again this is an operator
equation which is generally difficult to solve. On the level of the Moyal product this becomes,
however, again a differential equation of finite order if the Hamiltonian is polynomial.

Before attempting to solve (36) in a particular model, we first have to consider some of its
general features. It is clear that (36) does not have a unique solution as we can always add a
solution of the homogeneous equation to find another solution. This freedom is indeed already
present in equation (33) as a ‘gauge freedom’. To see this we note that if S(q) diagonalizes
H(q), so will T (q) = S(q)
(q) where 
(q) is an arbitrary diagonal operator. Under the
transformation S(q) → T (q), the Berry connection transforms to

Ai(q) → A′
i (q) = Ai(q) + S(q)

∂
(q)

∂qi


−1(q)S−1(q), (37)

illustrating the non-uniqueness of the Berry connection. Quantities such as the Berry phase
should, however, be unique and thus invariant under the transformation (37). Let us therefore
consider this issue in some more detail. To do this we consider the change in S(q) as we
translate around a small plaquette in the qi and qj directions as shown in figure 1.

Expanding to second order in dqi and dqj , one easily finds the following relations between
the intermediate values (see figure 1) of S(q):

S1 =
(

1 + Aj dqj +
1

2

(
∂Aj

∂qj

+ A2
j

)
dq2

j

)
S0,

S2 =
(

1 + Ai dqi +
∂Ai

∂qj

dqi dqj +
1

2

(
∂Ai

∂qi

+ A2
i

)
dq2

i

)
S1,

S3 =
(

1 − Aj dqj − ∂Aj

∂qi

dqi dqj +
1

2

(
A2

j − ∂Aj

∂qj

)
dq2

j

)
S2,

S4 =
(

1 − Ai dqi +
1

2

(
A2

i − ∂Ai

∂qi

)
dq2

i

)
S3.

(38)
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dqi

Figure 1. Change in S(q) with a translation around a plaquette in the qi and qj directions. The
initial value of S(q) is denoted by S0 and the final value by S4. Intermediate values are denoted by
S1, S2, and S3, respectively.

Successive application now yields the relation between S4 and S0

S4 = (1 + Fij dqi dqj )S0, (39)

where we have introduced the Berry curvature

Fij = ∂Ai

∂qj

− ∂Aj

∂qi

+ [Ai,Aj ]. (40)

This is the infinitesimal change in the eigenstates. For finite closed loops the change can be
obtained from a path ordered exponential of the Berry connection or a careful exponentiation
of (39), keeping in mind that the Fij at different points need not commute. It is now a
simple matter to verify that under the transformation (37) the Berry curvature is invariant, i.e.,
F ′

ij = Fij .
Before applying (36) to infinite-dimensional quantum systems, we consider a simple

two-dimensional matrix problem. Consider the following Hamiltonian:

H(q1, q2) =
(

1 q1 + iq2

q1 + iq2 −1

)
. (41)

One can easily solve (36) to find the most general solution

A1(q1, q2) =




2w1

q1 + iq2
− 1

(q1 + iq2)(1 + (q1 + iq2)2)
+ y1 w1 − 1

1 + (q1 + iq2)2

w1 y1




A2(q1, q2) =

 2iw1

q1 + iq2
− i

(q1 + iq2)(1 + (q1 + iq2)2)
+ y2 iw1 − i

1 + (q1 + iq2)2

iw1 y2


 .

(42)

The homogeneous part has been constructed to yield a zero curvature. We note that this
expression has singularities at the points {q1 = 0, q2 = 0} and {q1 = 0, q2 = ±1}. The
singularity at the origin is spurious (the transformation S(q) = 1 at this point) and can be
removed by an appropriate choice of the homogeneous part. Indeed choosing w1 = 1/2 and
y1 = y2 = 0 we have

A1(q1, q2) = −iA2(q1, q2) =




q1 + iq2

1 + (q1 + iq2)2

1

2
− 1

1 + (q1 + iq2)2

1

2
0


 . (43)
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The singularities at the points {q1 = 0, q2 = ±1} are, however, not removable and, not
surprisingly, are the two exceptional points where the matrix is not diagonalizable [31] and
the transformation S(q) becomes singular. When one computes the curvature it vanishes
everywhere, except at these points where the curvature has to be computed with great care due
to the singularity. This implies that moving in an infinitesimal loop around any point brings
the eigenfunctions back to themselves; the only exception being the exceptional points where
the eigenfunctions transform into each other [31]. Note that the Berry connection at different
points does not commute. Due to this fact one has to compute a path ordered exponential in
order to obtain the change of the eigenvectors as one moves around in a closed loop. The
result (43) can also be obtained from (35) by direct diagonalization and an appropriate choice
of ‘gauge’.

To demonstrate the aforementioned points, we compute the curvature at the exceptional
point {q1 = 0, q2 = 1}. We do this by computing the change of the eigenstate when we move in
an infinitesimal circle around the exceptional point. Setting q1 = r cos φ and q2 = 1 + r sin φ,
we easily compute the Berry connection in the azimuthal direction from (35) and (43) to be
Aφ = ir eiφA1. This result is now expanded to lowest order in r to obtain

∂S(φ)

∂φ
S−1(φ)

∣∣∣∣
(0,1)

= Aφ =
(

i
2 − 1

2

0 0

)
. (44)

The change in the eigenstate can now easily be computed from (44) by noting that
S(2π) = (

1 + 2π
N

Aφ

)N
S(0) in the limit N → ∞. The result is S(2π) = FS(0) with

F =
(

−1 −2i

0 1

)
. (45)

We now proceed to compute the action of F on the eigenstates infinitesimally close to the
exceptional point. These eigenstates, expanded to leading order in r, read

u± =
(

−i ± i
√

2w

0

)
, (46)

where we have set w = r eiφ . It is now a simple matter to see that Fu± = u∓.
Let us now consider the quantum system discussed in section 3.2. All the considerations

of section 2 apply and on the level of the Moyal formulation we can replace equation (36) by[
∂H(x, p, q)

∂qi

,H(x, p, q)

]
∗

= [[Ai(x, p, q),H(x, p, q)],H(x, p, q)]∗. (47)

Here x and p are the phase space variables, q the parameters in the Hamiltonian and we have
introduced the Moyal bracket

[A(x, p), B(x, p)]∗ = A(x, p) ∗ B(x, p) − B(x, p) ∗ A(x, p). (48)

For the system of section 3.2 the Hamiltonian was given in (21) and the two parameters
entering the Hamiltonian are the parameters α and β (see (19) and (20)). As we are not
interested in a global rescaling of the Hamiltonian, which only effects the homogeneous part
of the Berry connection, it is more convenient to change to two new variables, q1 and q2, by
dividing the Hamiltonian (21) by a:

H(x, p) = p2 + q1x
2 + iq2px, q1 = b

a
= ω + α + β

ω − α − β
, q2 = c

a
= 2(α − β)

ω − α − β
.

(49)
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Figure 2. Singular curves of the Berry connection. These curves divide the parameter space
in disjoint regions, shown as shaded and unshaded here, and it is not possible to pass from one
region to another without crossing a singularity in S(q). The circle denotes the expected radius of
convergence of a perturbative expansion around the origin.

It is now easy to set up the explicit equations for the connection from (47), but we do not
list them here due to their length. We rather make an assumption for the connection of the
following form:

Ai(x, p) = rip
2 + sixp + tix

2, i = 1, 2, (50)

and solve for the parameters ri, si and ti as functions of q1 and q2. The result is

A1(x, p) = ipx

h̄
(
4q1 + q2

2

) − x2q2

2h̄
(
4q1 + q2

2

) ,

A2(x, p) = x2q1

h̄
(
4q1 + q2

2

) +
ipxq2

2h̄
(
4q1 + q2

2

) .

(51)

The curvature can also be easily computed from F1,2 = ∂A1
∂q2

− ∂A2
∂q1

+ [A1, A2]∗. It vanishes
everywhere, except at possible singularities. Let us therefore investigate the singularities
and interpret them. There are singularities on the curves 4q1 + q2

2 = ω2 − 4αβ = 0. It
is well known [23] that on these curves the Bogoliubov transformation that diagonalizes
the Hamiltonian becomes singular, which is now simply reflected on the level of the Berry
connection. These continuous curves divide the α-β parameter space into disjoint regions and
it is not possible to move from the one to the other without crossing a singularity of S(q).
This signals that perturbation theory is limited to within these regions and that the radius of
convergence will be set by the distance to the closest point on these curves. This is illustrated
in figure 2.

One may also evaluate these results from the perspective of the existence of the metric �.
While S(q) is singularity free, except on the border between shaded and unshaded areas, �

does not necessarily exist elsewhere, since positive definiteness and hermiticity of � cannot
be immediately inferred. At the same time the singularity of S(q) on the borders indicate the
existence of zero norm states, implying that on these borders the metric definitely does not
exist, confirming in this particular case what was anticipated in general at the beginning of
this section.
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The previous results lead one to expect that there is a close relation between the
singularities exhibited by the Berry connection and possible quantum phase transitions. Indeed,
at the quantum phase transition one expects the eigenstates to exhibit a non-analytic behaviour,
which, in the current formulation, translates into singularities of the Berry connection.
Furthermore, as eigenvalues coalesce at the exceptional points [31–33] one expects a vanishing
gap, which again signals a possible quantum phase transition. Thus, one expects that
solving for the Berry connection from equation (36) may yield information on the quantum
phase structure of the system. For this purpose reliable and non-perturbative solutions of
equation (36) are, however, required. The Moyal product is a possible tool that can achieve
this. These issues need further and more detailed investigation, which we intend to pursue
elsewhere.

5. Conclusions

We have presented a brief overview of considerations pertinent tot non- and quasi-Hermitian
quantum mechanics in which the role of the metric is stressed. Subsequently we have
shown how the Moyal product can be used to compute the metric for a given non-Hermitian
Hamiltonian from a general partial differential equation. The verification that the metric is
Hermitian and positive definite can be carried out directly on the level of the Moyal product
formulation, without referring to the operator level.

We have carried through this program for three Hamiltonians, all of which possess PT-
symmetry. These considerations can also be applied to finite-dimensional models as those
studied in [10], by using the finite-dimensional formulation of the Moyal product where,
essentially, h → 1

N
. An interesting new perspective that arises from the present formulation is

the relation between the choice of observables and boundary conditions imposed on the metric
equation, as formulated in terms of the Moyal product, both of which give rise to a unique
metric. We have also discussed the Berry connection in the context of the Moyal product and
demonstrated that non-perturbative information can be extracted from the resulting equation.
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